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SUMMARY 
 
The work carried out by UK NATS Operational Analysis (OA) department provides input to the 
safety assessment for the North Atlantic (NAT) Reduced Longitudinal Separation Minimum 
(RLongSM) project by providing a collision risk estimation based solely on theoretical collision 
risk modelling.  This paper describes a model that can be used to derive the distribution of 
separation loss over a fixed duration reporting period, and estimates parameters for the model 
using data from waypoint reporting operations.  The model is a first-order autoregressive model 
which describes the evolution of separation loss over incremental units of transit time.  It has 
two error components, one shared between leader and follower aircraft and one for individual 
aircraft, with variance dependent on a quadratic function of the aircraft’s estimated speed.  The 
model parameters are optimised using an iterative search method.  An assessment of whether it 
can conservatively be assumed that aircraft pairs report their position synchronously is 
performed.  Finally, the separation loss distribution for a fixed reporting period is derived using 
the incremental model and the assumption of synchronous reporting. 
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1 Introduction 

In SASP-WG/WHL/20-IP10, the collision risk equation for two aircraft nominally on the same track 
and flight level with non-negligible intended longitudinal separation was derived as: 
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A key component of this model is 𝑄(𝑠), the probability distribution of losing s or greater minutes of 
planned longitudinal separation during the at-risk period.  This paper describes a model that can be 
used to derive 𝑄(𝑠) for any given fixed duration at-risk period, such as the time between periodic 
position reports as required for the Reduced Longitudinal Separation Minimum (RLongSM) concept 
being trialled in the North Atlantic (NAT).   

The paper proceeds as follows: 

• Section 2 describes the definition of time-based longitudinal separations in the NAT, and the 
complexities arising under periodic reporting.  

• Section 3 describes the data from NAT waypoint reporting operations that is available for 
use in separation loss modelling.  It describes the source of the data, and characterises key 
aspects of the data such as the observed distribution of estimated separation errors, and 
how the variance of estimated separation errors changes for different bands of transit times. 

• Section 4 describes the model that was originally formulated in (Reference 1) to allow 
waypoint reporting data to be used to derive the separation loss distribution for periodic 
reporting.  The model attempts to describe the evolution of forecast time errors and 
estimated separation errors over time, such that for any given duration of transit, the 
probability distribution of errors can be determined.  Some criticisms of the model are 
offered, and an assessment of model adequacy is performed using a simulation. 

• Section 5 describes three proposed modifications to the model, intended to address the 
specific criticisms of the model from the previous section.  The first is a minor simplification 
to remove the unused second component of weather-related error.  The second 
modification is to allow the variance of incremental error in a single minute to be a quadratic 
function of forecast aircraft speed, rather than a fixed constant.  The third modification is to 
allow an additional factor in the variance function, which is unrelated to aircraft speed. 

• Section 6 describes a form of iterative search algorithm for obtaining optimal parameter 
estimates for the model described in the previous sections.  The Markov Chain Monte Carlo 
application WinBUGS is used, and a set of optimised parameters based on the NAT waypoint 
reporting data are derived. 

• Section 7 defines the final proposed model, the derivation of which was described in 
previous sections.  

• Section 8 describes how the incremental model described in the previous section can be 
used to derive the required separation loss distribution, 𝑄(𝑠), under periodic reporting.  
Equations for separation gain/loss under periodic reporting (asynchronous and synchronous) 
are derived assuming the evolution of errors in accordance with the incremental error 
model.  These are used to derive the separation loss distribution, 𝑄(𝑠), for given reporting 
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phase difference, and a comparison is made between total reporting period risk under 
asynchronous and synchronous reporting to determine whether the simplifying assumption 
that all aircraft report synchronously is appropriate. 

• Section 9 describes the final proposed form for 𝑄(𝑠), applicable for longitudinal collision risk 
modelling in the NAT. 

1.1 The Key Challenge 

The data available for use in deriving the separation loss distribution are the difference between 
forecast and actual time at the next waypoint for individual aircraft, and the separation gain/loss 
between leader and follower aircraft during the waypoint transit.  This data is available for 5° 
transits (between 15° West and 20° West) and 10° transits (between 20° West and 30° West), 
Eastbound and Westbound within Shanwick.  The distance of these transits varies based on the 
latitude and the route, and the time varies based on the distance, cleared speed and weather. 

The durations of waypoint transits typically range between 20 and 50 minutes.  This creates a 
problem since we require 𝑄(𝑠) for time periods of around 20 minutes or lower.  It is impossible to 
simply use short transits to derive the distribution since: 

• There are no transits short enough for the lower end of our requirements; for example, we 
may wish to estimate the risk under a 15 minute reporting period, and there are no transits 
of this duration within the available dataset. 

• There is only limited data for observable short duration transits; for example for 20 minute 
transits there is insufficient data to estimate the separation loss distribution with 
confidence. 

• The observable short duration transits are typically faster than average NAT aircraft (due to 
high cleared speeds and/or strong tailwinds) so it cannot be assumed that these are 
representative of transits under normal conditions. 

Instead, the general approach is to derive a model that estimates the incremental error in forecast 
location over time, and use the available waypoint transit data to estimate the parameters of the 
model. 

2  Estimating Separations 

This section describes the definition of time-based longitudinal separations in the NAT, and the 
complexities arising under periodic reporting. 

The heart of the standard longitudinal collision risk calculation is the derivation of the probability of 
longitudinal overlap of aircraft between waypoints.  For waypoint-based reporting, the (time-based) 
separation – defined as the difference between the times that the leading (L) and following (F) 
aircraft pass the same physical point – is known exactly1 at each waypoint.  Risk derives entirely from 

                                                           
1  Previous models have made some allowances for uncertainty in the estimate of the separation at the 

initial waypoint, but these were due to system times being in whole minutes. With Automatic Dependent 
Surveillance-Contract (ADS-C) postion reporting and Shanwick Automated Air Traffic System (SAATS) 
which performs calculations using data to the second, this source of error is virtually eliminated for 
separation at waypoints. 
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the potential for the separation to be eroded during the time in which the following aircraft flies 
between two waypoints. 

In a scenario where periodic reporting is utilised, the situation is less straightforward. Figure 2-1 
shows distance-time plots for leading and following aircraft, 𝑑𝐿(𝑡) and 𝑑𝐹(𝑡). The time-based 
separation at time t is the difference between t and the time at which the leading aircraft passed the 
same physical point. In other words, the time-based separation 𝑆(𝑡) is defined by: 

𝑆(𝑡) = 𝑡 − 𝑑𝐿
−1(𝑑𝐹(𝑡)) Equation 2-1 

 

Assuming that the following aircraft is reporting at time t, and hence 𝑑𝐹(𝑡) is known, it is possible to 
evaluate Equation 2-1 if the leading aircraft also happened to report at this distance from the 
waypoint.  However, in general this will not be the case, meaning that it will not be possible to 
calculate the current time-based separation exactly.  Note that for synchronous reporting, the 
distance-based separation, which is simply the difference between 𝑑𝐿(𝑡) and 𝑑𝐹(𝑡), will be known 
exactly, but the time-based separation will not.  In the general asynchronous case, neither the 
distance-based nor time-based separations will be known exactly.   

Figure 2-1: Time and Distance-Based Separations 

 

The reality is therefore better described by Figure 2-2, which identifies the reporting points, since 
these are the only points at which the values of 𝑑𝐿(𝑡) or 𝑑𝐹(𝑡) are known. 
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Figure 2-2: How Periodic Reporting Data Affects the Accuracy of Separation Forecasts 

 

The phase difference (∆) is defined to be the length of time between a leading aircraft report and the 
next following aircraft report.  Thus the phase difference is zero for synchronous reporting and can 
range from zero (inclusive) to the reporting period (exclusive), where the reporting period is defined 
to be the period between successive aircraft reports under periodic reporting. 

When the following aircraft reports at reporting point RF(n-1), the leading aircraft’s last report, which 
is RL(n-1) in Figure 2-2, will be used to estimate the time at which the leader would have passed the 
point at which the following aircraft is now.  The time over which the leading aircraft’s distance must 
be estimated is given by |∆-S(t)|.  Thus the separation will only be known exactly if the separation is 
equal to the phase difference.  Otherwise, the uncertainty in the separation estimate over the 
reporting period can be expected to grow in line with the difference between the separation and the 
phase difference. 

The possibility of variable phase differences adds a great deal of complexity to the derivation of a 
separation loss distribution.  Therefore, for modelling purposes it is convenient to assume that all 
pairs of aircraft report synchronously.  The impact of assuming synchronous versus asynchronous 
reporting will be discussed in Section 8. 

3 Waypoint Reporting Data 

This section describes the data from NAT waypoint reporting operations that is available for use in 
separation loss modelling.  It describes the source of the data, and characterises key aspects of the 
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data such as the observed distribution of estimated separation errors, and how the variance of 
estimated separation errors changes for different bands of transit times. 

3.1 Data Source 

In early work on longitudinal collision risk modelling, data was derived from position reports 
transmitted via High-Frequency (HF) voice communication.  The times reported at waypoints and 
stored by Air Traffic Control (ATC) were inevitably subject to error.  While the largest of these were 
easy to identify, other significant errors may have remained undetected, inflating the estimated 
variance of the recorded errors.  Since the introduction of automatic datalink position reports, which 
are accurate to one second, this source of error has been eliminated.  As a result, the problem of 
deciding how to apply cut-off thresholds to the data (to avoid extreme values) has fortunately been 
avoided. 

For more recent work (Reference 1), twenty days of data from throughout the calendar year of 
2007, and relating to inter-waypoint journeys on the NAT Organised Track Structure (OTS), was 
extracted from Shanwick Automated Air Traffic System (SAATS) audit files.  Actual journey times 
were compared with system-generated2 forecasts of time the aircraft was expected at the next 
waypoint, to compute the forecasting errors for individual aircraft.  Since the dataset contained 
observed transit times ranging from approximately 20 minutes to 60 minutes, and since forecasting 
errors are expected to grow in proportion to the time/distance travelled, the time forecast errors 
were converted to be an error as a proportion of transit time to allow the whole data sample to be 
of use to the modelling work. 

A later data sample comprising 28 days between February 2009 and March 2010 was collected for 
the purpose of validation of the simulation model presented in Reference 1.  Both data samples 
were spread out over the year with data taken from on or around the 4th and 15th of each month, 
intended to give a representative sample of weather patterns and OTS designs. 

These two datasets comprise the most accurate and up-to-date data available on time forecast 
errors in the Shanwick region of the NAT, and therefore this is the data used for the work described 
in this paper.  The estimated and actual transit times in these two datasets are given in minutes, and 
this is the unit of time measurement used throughout this paper.  This is for convenience since the 
paper describes modelling errors over small increments of time, but is in contrast to the unit of time 
measurement (hours) used within the collision risk model itself.   

3.2 Combined Data 

Figure 3-1 shows the forecast time error at the next waypoint for individual aircraft (taken as the 
leader from paired leader and follower data) and the difference between leader and follower time 
error (i.e. the observed separation gain/loss) by transit time.  The data taken from 2007 is plotted in 
red and the data from 2009/2010 is plotted in blue.  There are no systematic differences observed 
between the 2007 and 2009/10 datasets and so this work combines the two to give the richest 
possible dataset.  The combined dataset comprises waypoint transits for 33223 leader-follower 
pairs. 

                                                           
2  … as opposed to the aircraft’s own forecasts, which are not relevant to the controllers. 
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Figure 3-1: Error in Forecast Time at Next Waypoint in 2007 (red) and 2009 (blue) 

 

A key observation to be made from Figure 3-1 is that there is a persistent bias observed in the 
individual aircraft error for transit times less than approximately 50 minutes, such that system 
forecasts are generally lower than the actual transit times.  At the time of writing it is unknown 
whether this bias is due to a real effect such as an intentional conservative bias in the system 
forecasts or the effect of pilot actions given stronger or weaker than expected winds, or whether it is 
due to the method of SAATS data extraction and processing.  While it is unsatisfactory to have this 
unexplained data feature, it is not considered of primary concern since the bias is completely 
negated when considering the leader - follower error difference. 

3.3 Characteristics of Waypoint Data 

3.3.1 Variance by Transit Time 

Crucial to the derivation of a separation loss distribution for fixed duration reporting periods is an 
understanding of how the observed separation loss distribution varies with transit time.  Figure 3-2 
(left) shows the variances over observed transit time bands of the individual aircraft forecast time 
error.  Here, error is stated as a proportion of the transit time rather than an absolute value in 
minutes.  Figure 3-2 (right) shows the equivalent variances for the difference between leader and 
follower proportion time errors. 
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Figure 3-2: Proportion Error Variance by Banded Transit Time 

 

Immediately obvious is the fact that the error variance is not independent of transit time, and nor is 
the relationship between the two straightforward.  For 5° transits in the 20-28 minute range the 
variance increases strongly as the transit time increases.  For 10° transits in the 33-50 minute range 
the variance increases, although less rapidly than for 5° transits.  These observations indicate that 
there is a complex relationship between error variance and the speed and/or distance travelled by 
aircraft.  Between the two ranges lies a set of transit times where observations are very sparse (see 
Figure 3-1) and consequently the variance is of little interest in this region. 

In order to have confidence in model-derived estimates of the error variance for fixed reporting 
periods, any model should be able to replicate this observed pattern of behaviour of the variance by 
transit time. 

Possible reasons for the observed differences in variance by transit time are explored in the 
following paragraphs. 

3.3.2 Variance by Distance 

The distance travelled (Nm) for each transit was calculated as the great circle distance between 
waypoints.  Figure 3-3 shows the variance by banded distance of individual aircraft proportion time 
error (left) and difference between leader and follower proportion time errors (right).  While there is 
possibly a trend for decreasing individual aircraft error with increasing distance, neither plot 
demonstrates a particularly strong relationship that could explain the pattern observed for variance 
by transit time (Figure 3-2).  Any direct relationship between variance of time forecast errors and 
distance is not considered further within this paper. 
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Figure 3-3: Proportion Error Variance by Banded Distance 

 

3.3.3 Variance by Speed 

Speed (Nm/min) was calculated as the great circle distance between waypoints divided by the 
expected transit time.  Thus it actually represents the forecast ground speed of the aircraft.  There 
appears to be a very significant, non-linear relationship between forecast speed and error variance, 
as shown in Figure 3-4.  This may explain the pattern of variance with transit time observed in Figure 
3-2 since slower than average aircraft with high error variance will also have longer than average 
transit times for a given distance of travel. 
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Figure 3-4: Proportion Error Variance by Banded Forecast Ground Speed 

 

This observation is plausible since extreme forecast speeds will occur where aircraft are given 
extreme speed clearances, or where the wind forecast is extreme.  In either case it can be expected 
that the variability in actual aircraft speed will be greater than if it were given an optimal cleared 
speed under normal wind conditions. 

3.3.4 Error Distributions 

In previous work (Reference 1) a Laplace distribution (also known as the double exponential 
distribution) was used for the overall distribution of difference in proportion errors.  To check this 
assumption, the data for individual aircraft proportion time errors and difference in proportion time 
errors was standardised (subtract the mean and divide by the standard deviation) to allow the shape 
of the distributions to be examined without regard for the variance.   

Figure 3-5 shows the standardised distributions in black for leader error (left) and leader - follower 
error difference (right).  In green is the equivalent standardised Laplace distribution and in red is the 
standard Normal distribution.  It can be seen that neither the Normal nor the Laplace distribution 
properly fits either set of real data, and instead both real data distributions lie somewhere between 
the two. 
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Figure 3-5: Standardised Proportion Error Distributions 

 

The data can be better fit using the Normal-Laplace distribution (Reference 2), which is the 
convolution of independent Normally distributed and Laplace distributed components.  The plots in 
Figure 3-6 show the standardised error distributions and the best-fitted standardised Normal-
Laplace distributions, found using trial-and-error.  The individual aircraft error (standardised) is best 
fit using a Normal-Laplace where approximately 1/3 of the variance comes from the Normal 
component and 2/3 comes from the Laplace component, such that: 
 

𝑎𝑠𝑡  ~ 𝑁�0,�1
3�+ 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 �0,�1

3� 
Equation 3-1 

 (Note that Laplace(0, b) has variance 2b2.) 

The leader-follower error difference (standardised) is best fit using a Normal-Laplace where 
approximately 1/9 of the variance comes from the Normal component and 8/9 from the Laplace 
component, such that: 

𝑝𝑠𝑡  ~ 𝑁�0,�1
9� + 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 �0,�4

9� 
Equation 3-2 
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Figure 3-6: Standardised Proportion Error Distributions with fitted Normal-Laplace Distributions 

 

An understanding of these distributions is helpful when assessing the adequacy of the model; 
however, it should be noted that the tails of these distributions will be dominated by the Laplace 
component, and therefore the eventual separation gain/loss distribution will be considered as a 
pure Laplace distribution (see Section 8.4). 

3.4 Summary 

The data used for the derivation of the separation loss distribution comprises 33223 transits of 
longitudinally separated pairs of aircraft, taken from 48 days between 2007 and 2010.  The time 
forecast errors and estimated separation errors have been shown to be best fit by Normal-Laplace 
distributions.  The variance of errors has been shown to vary with transit time, and it is believed that 
any model that is used to derive a separation loss distribution must be capable of replicating this key 
feature of the real data. 

4 Basic Model 

This section describes the model that was originally formulated in Reference 1 to allow waypoint 
reporting data to be used to derive the separation loss distribution for periodic reporting.  The 
model attempts to describe the evolution of forecast time errors and estimated separation errors 
over time, such that for any given duration of transit, the probability distribution of errors can be 
determined.  Some criticisms of the model are offered, and an assessment of model adequacy is 
performed using a simulation. 
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4.1 Description of the Basic Model 

This section briefly describes the model for incremental error in forecast position over time derived 
in Reference 1.   

The proportion error (et) in the distance travelled in minute t is defined by: 

𝑑𝑡 = 𝑑(1 + 𝑒𝑡)  

 

where   dt = the distance actually travelled in minute t 

  d  = the expected distance travelled in 1 minute at the cleared speed 

The error et has two components: 

𝑒𝑡 = 𝑣𝑡 +𝑤𝑡  

 

where   vt is the error due to inaccuracy in the aircraft speed, with variance V 

   wt is the error due to weather effects, with variance W 

The weather effects in successive minutes of an aircraft’s flight will be correlated and, over a long 
period of time, will be expected to vary about a mean of zero.  The simplest model that that can 
represent this sequence is a stationary, first order autoregressive process AR(1), with mean zero and 
variance W.  Changes in the weather effect over time for an individual aircraft can thus be written: 

𝑤𝑡 = 𝛼𝑤𝑡−1 + 𝜀𝑡;    𝑉𝑎𝑟(𝜀𝑡) = 𝑊(1 − 𝛼2) Equation 4-1 

 

In basic terms, this type of model assumes there is an error with variance of magnitude W which 
varies continuously over time with rate of change determined by the parameter 𝛼.  The model 
describes error increments in whole minute steps; however the same model formulation would 
work for different time increments (seconds, for example), simply by altering the parameter 𝛼.  
Figure 4-1 gives examples of the behaviour of two AR(1) processes with the same variance but 
different autocorrelation values.  The overall magnitude of the error is the same in both cases, but 
the process with 𝛼 = 0.5 varies more quickly than the process with 𝛼 = 0.9. 
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Figure 4-1: Example Autoregressive Processes 

 

Weather experienced by a following aircraft soon afterwards will clearly be very similar to that 
experienced by the leading aircraft, although the larger the separation, the larger the difference will 
be expected to be.  Accordingly, changes to the weather effect over time - in a fixed location - can 
therefore be represented by a similar AR(1) process, but with a parameter β that is closer to 1: 

𝑤𝑡 = 𝛽𝑤𝑡−1 + 𝜍𝑡;    𝑉𝑎𝑟(𝜍𝑡) = 𝑊(1 − 𝛽2) Equation 4-2 

 

Note that under this formulation, the weather error experienced by the leader aircraft would be 
described wholly by Equation 4-1, whereas the weather error experienced by the follower aircraft 
would be described by a combination of Equation 4-1 and Equation 4-2.  In practice, however, the 
parameter 𝛽 is always given the value 1, so the weather error component is considered entirely 
shared between leader and follower aircraft. 

Speed inaccuracies are also likely to change gradually over time, although probably less quickly than 
the weather experienced by an aircraft during its transit. This can also be represented by another 
AR(1) process:   

𝑣𝑡 = 𝛾𝑣𝑡−1 + 𝜉𝑡;    𝑉𝑎𝑟(𝜉𝑡) = 𝑉(1 − 𝛾2) Equation 4-3 

 

Thus, the distance errors which determine the actual separations in the model are completely 
specified by the three autoregressive coefficients alpha, beta and gamma and the two variances V 
and W. 
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In practice, the only errors that can be directly measured are the arrival time errors for an inter-
waypoint journey.  The proportional arrival time error 𝑎 turns out to be the negative of the mean 
distance error for the period in question: 

𝑎 =
(𝑡𝑎 − 𝑡𝑒)

𝑡𝑎
=

𝐷
�̅�
− 𝐷
𝑑

𝐷
�̅�

= 1 −
�̅�
𝑑

= −�̅� 

 

 

where ta/e=actual/estimated transit time; D = distance travelled. 

Thus, the difference in proportion errors between a leading and following aircraft is: 

𝑝 = 𝑎𝐿 − 𝑎𝐹 = 𝑒𝐹��� − 𝑒𝐿�   

 

The variance of the arrival time error is: 

𝑉𝑎𝑟(𝑎) = 𝑉𝑎𝑟(�̅�) = 𝑉𝑎𝑟(�̅�) + 𝑉𝑎𝑟(𝑤�) = 𝑉𝐹(𝛾,𝑇) + 𝑊𝐹(𝛼,𝑇) Equation 4-4 

 

where, 

𝐹(𝛼,𝑇) =
1
𝑇 �

1 + 𝛼
1 − 𝛼

−
2𝛼(1 − 𝛼𝑇)
(1 − 𝛼)2𝑇 �

 
Equation 4-5 

 

Equation 4-5 is a well-known result for the variance of the mean of successive terms in an AR(1) 
series.  It takes a value between 0 and 1, and decreases with increasing T, representing the fact that 
it is taking the average over a greater number of error terms, and thus has smaller variance. 

The variance of the difference in proportion errors is: 

𝑉𝑎𝑟(𝑝) = 𝑉𝑎𝑟(𝑣𝐹��� − 𝑣𝐿���) + 𝑉𝑎𝑟(𝑤𝐹���� − 𝑤𝐿����)  

  

= 2𝑉𝐹(𝛾,𝑇) + 2(1 − 𝛽𝑠)𝑊𝐹(𝛼,𝑇) Equation 4-6 

 

where s is the separation between leading and following aircraft. 

4.2 Basic Model Parameters 

The general approach to estimating the five parameters of the basic model is to derive formulae for 
variances and correlations in terms of the parameters and thus identify parameters which match the 
values for these statistics observed in practice.  There is some dependency between parameters, 
which means that initial estimates of certain parameters are used in the derivation of others.  Fine-
tuning is then required to ensure that the final estimates of all parameters are reasonable. 
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For a detailed description of the parameter estimation process, see Appendix 4 of Reference 1.  The 
final chosen parameters were: 

Table 4-1: Parameters of the Basic Model 

𝑉 0.0001 
𝑊 0.0004 
𝛼 0.9 
𝛽 1 
𝛾 0.99 

 

With this model, the variance of the overall error (i.e. expected separation gained or lost) over a 
reporting period of any duration 𝑇 can be derived.  The full distribution of the overall error is then 
assumed to be a Laplace distribution with the given variance.  Using this result, the probability of 
losing s or greater minutes of separation, 𝑄(𝑠), can easily be determined as it is simply the 
cumulative distribution function of the Laplace distribution.  See Section 8 for details. 

4.3 Model Adequacy 

In theory, there are three problems (in the author’s opinion) with the basic model described above.  
These are: 

• The two equations for the weather error component (Equation 4-1 and Equation 4-2) are not 
well-formulated because they are not independent terms.  A non-unitary value for 
𝛽 can be applied within a simulation, but attempting to apply it within the equation for 
overall error quickly proves intractable.  In practice, the value of 𝛽 is always set to one, 
implying that Equation 4-2 is superfluous within the overall model.  From a modelling 
perspective this seems reasonable since error that is due to weather but is not shared 
between the leader and follower can easily be subsumed within the speed error component 
of the model, leaving the model to have two simple components, one of which is entirely 
shared between leader and follower and one which is entirely individual to each aircraft. 
 

• The method by which the basic model parameters are estimated is not very robust, and is 
not very sensitive to variations within the real data. 
 

• The way in which the model is applied violates the Central Limit Theorem, which states that 
the sum of independent, identically distributed (iid) random variables will tend to a Normal 
distribution.  Since the weather and speed error terms are both close to being the mean of a 
set of iid random variables, under this theorem both components should be approximately 
Normally distributed.  (A simple simulation exercise can prove that for a 20 minute period 
and under a variety of parameters, the set of means of consecutive AR(1) terms will be 
statistically indistinguishable from a Normal distribution.)  Instead, in the application of the 
basic model, a linear function of the mean of AR(1) terms is assumed to have a Laplace 
distribution. 

Of course, none of these theoretical problems automatically imply that the basic model is 
inappropriate for use.  It is, however, necessary to demonstrate the appropriateness of the model. 
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In section 3.3 the characteristics of the real waypoint transit data were described.  To have 
confidence that this basic model will give appropriate values for the separation loss distribution 
𝑄(𝑠), we would like to observe the model replicating the characteristics of waypoint transit data.  To 
explore this, we can attempt to use the basic model to simulate the errors observed in the waypoint 
transit data. 

4.3.1 Simulation Model 

For each observed transit (leader and follower pair) within the waypoint transit data, the calculated 
distance (great circle distance between waypoints) and forecast ground speed is taken to allow the 
simulation to mimic reality as closely as possible.  The actual distance travelled in each minute of 
flight for leader and follower is then simulated using the basic model.  The actual time to reach the 
next waypoint is calculated by linear interpolation between the time (in whole minutes) before and 
after the next waypoint is reached. 

4.3.2 Simulation Results 

In Figure 4-2 and Figure 4-3 the real data is shown in black and the equivalent simulated data is 
shown in red.  Note that the density plots in Figure 4-3 are based on raw, not standardised, data.   

Figure 4-2: Proportion Leader Error (top) and Proportion Error Difference (bottom) 
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Figure 4-3: Characteristics of Error Simulated using the Basic Model 

 

Key observations from the simulation: 

• The observed bias in individual aircraft error is not replicated. 
• Overall, the variance for individual aircraft error appears approximately correct. 
• The variance for error difference is lower than observed in the sample data. 
• The patterns of variance by transit time and by forecast speed are not replicated. 
• The error difference is approximately Normally distributed, whereas the real data is 

approximately Laplace distributed (this is not obvious from the density plot since the 
variances are different, but is the case). 

4.4 Summary 

A model that describes the evolution of estimated separation errors over single minute increments 
of time has been described.  This modelling approach provides a means of deriving the separation 
loss distribution over a fixed length reporting period.  However, there are some criticisms that can 
be levelled at this model; the way in which the weather component of the error is described is overly 
complex, the method of parameter estimation is not robust, and the application of the model 
violates the Central Limit Theorem (i.e. assuming a Laplace distribution for the estimated separation 
error when the model, if true, requires that the error is approximately Normally distributed). 

Using a simulation, it has been found that the key behaviours observed in the real waypoint transit 
data are not well replicated by the basic model.  Therefore, some improvements to the model are 
proposed in the following section. 
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5 Proposed Modifications to the Basic Model 

Having identified some problems with the original model, this section proposes three modifications 
that are intended to address the theoretical criticisms described in Section 4.3 (Note the issue of 
robust parameter estimation will be covered in Section 6), and replicate more reliably the key 
characteristics of the waypoint transit data. 

5.1 Modification 1 – Model Simplification 

The first proposed modification to the basic model is to ignore the variation in weather at a fixed 
location over time represented by Equation 4-2.  Instead, the model will be described completely 
using Equation 4-1 and Equation 4-3.  The w component will be considered an error component that 
is completely shared over a fixed distance between leader and follower when there is a small 
separation, and the v component will be considered an error component that is completely 
individual to each aircraft. 

In practice, this modification has no effect on the application of the model, since the autocorrelation 
component of Equation 4-2, 𝛽, was previously set to one, thus implicitly excluding the equation from 
consideration. 

5.2 Modification 2 – Error Variance as a Function of Forecast Speed 

Through the simulation described in Section 4.3.1, various changes to the model have been 
attempted in order to replicate the specific relationship between the error variances and forecast 
ground speed observed in Figure 3-4.  The changes attempted included alterations to the values of 
the parameters, and making the error components additive instead of multiplicative.  However, the 
only alteration which comes close to replicating the effect is to explicitly allow the variance to be a 
function of the forecast ground speed.   

From Figure 3-4 it appears that it is necessary to allow the variance terms V and/or W to be a 
quadratic function of the forecast ground speed, with minima at approximately 8.5 (Nm/min).  This 
leads to a useful observation with regards to the problem of the violation of the Central Limit 
Theorem: 

5.2.1 The Rayleigh Distribution 

There is a well-known result regarding Normal and Laplace distributions: 

 If  𝑋|𝑌~𝑁�𝜇,  𝜎 = 𝑌�  with  𝑌~𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ(𝑏)  then  𝑋~𝐿𝑎𝑝𝑙𝑎𝑐𝑒(𝜇, 𝑏). 

According to the Central Limit Theorem the mean error components, 𝑤�  and �̅�, conditional on the 
forecast ground speed of the aircraft, should be Normally distributed with variance some linear 
function of (𝑠𝑝𝑒𝑒𝑑 − 8.5)2, in order to replicate the relationship between variance and speed.  
Figure 5-1 demonstrates the shape of the Rayleigh(1) distribution and compares it to the absolute 
value of the forecast speed – 8.5.    
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Figure 5-1: The Rayleigh(1) Distribution and Forecast Ground Speed 

 

The absolute value of forecast speed – 8.5 clearly does not have a Rayleigh(1) distribution.  However, 
the two distributions behave similarly, particularly on the right-hand side.  It is plausible to believe 
that using (𝑠𝑝𝑒𝑒𝑑 − 8.5)2 within the variance will give a marginal distribution for error (i.e. 
unconditional on speed) which is partially approximately Laplace.  This would imply that while the 
distribution of errors for a given forecast ground speed would be Normally distributed in compliance 
with the Central Limit Theorem, the distribution of errors across all forecast speeds could have a 
partial Laplace distribution. 

5.2.2 Starting Parameters 

Making use of the previous observation, and the Normal-Laplace distributions for the observed error 
derived in section 3.3.4, we can obtain rough estimates for some of the parameters to be used in the 
new model.  Note that in the following section, Section 6, a model optimisation procedure is 
described.  This procedure is used to obtain optimal values for all the model parameters, so a rough 
estimate of plausible parameter values is all that is required at this point. 

From Equation 3-1, where 𝑎 is the individual aircraft proportional time forecast error, 

𝑎 ~ 𝑁�𝑚𝑒𝑎𝑛(𝑎),�𝑉𝑎𝑟(𝑎)
3 � + 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 �0,�𝑉𝑎𝑟(𝑎)

3 � 
 

 
So, noting that 2 × |𝑠𝑝𝑒𝑒𝑑 − 8.5| is approximately Rayleigh(1) distributed, 
 

 

𝑎|𝑠𝑝𝑒𝑒𝑑 ~ 𝑁�𝑚𝑒𝑎𝑛(𝑎),�𝑉𝑎𝑟(𝑎)
3 � + 𝑁�0,�

𝑉𝑎𝑟(𝑎)
3

× 4 × (𝑠𝑝𝑒𝑒𝑑 − 8.5)2� 
Equation 5-1 

 

And, from Equation 3-2, where 𝑝 is the difference in leader and follower proportional time error, 

𝑝 ~ 𝑁�0,�𝑉𝑎𝑟(𝑝)
9 �+ 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 �0,�4×𝑉𝑎𝑟(𝑝)

9 � 
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So, 
 

𝑝|𝑠𝑝𝑒𝑒𝑑 ~ 𝑁�0,�𝑉𝑎𝑟(𝑝)
9 � +𝑁�0,�4×𝑉𝑎𝑟(𝑝)

9
× 4 × (𝑠𝑝𝑒𝑒𝑑 − 8.5)2� 

Equation 5-2 

 

Also, from Equation 4-4, 

𝑉𝑎𝑟(𝑎|𝑠𝑝𝑒𝑒𝑑,𝑇) = 𝑉|𝑠𝑝𝑒𝑒𝑑 × 𝐹(𝛾,𝑇) +𝑊|𝑠𝑝𝑒𝑒𝑑 × 𝐹(𝛼,𝑇) Equation 5-3 

 

And, from Equation 4-6 (with 𝛽 = 1), 

𝑉𝑎𝑟(𝑝|𝑠𝑝𝑒𝑒𝑑,𝑇) = 2 × 𝑉|𝑠𝑝𝑒𝑒𝑑 × 𝐹(𝛾,𝑇) Equation 5-4 
 

For the purpose of simplification, let us assume that 𝑇 is constant and 𝐹(𝛾,𝑇) ≈ 𝐹(𝛼,𝑇) ≈ 0.7.  This 
is a reasonable simplification only because we are merely seeking a starting set of parameters that 
will then be optimised by other means.  Then, from Equation 5-4 and Equation 5-2, and applying the 
calculated variance of the proportional forecast time error differences in the sample data, 

𝑉|𝑠𝑝𝑒𝑒𝑑 ≈
1

2 × 0.7
× �

𝑉𝑎𝑟(𝑝)
9

+
4 × 𝑉𝑎𝑟(𝑝)

9
× 4 × (𝑠𝑝𝑒𝑒𝑑 − 8.5)2� 

 

 
 

 

≈ 8.6 × 10−6 + 1.4 × 10−4(𝑠𝑝𝑒𝑒𝑑 − 8.5)2 Equation 5-5 
 

Similarly, from Equation 5-3 and Equation 5-1, 

𝑊|𝑠𝑝𝑒𝑒𝑑 ≈
1

0.7�

𝑉𝑎𝑟(𝑎)
3

+
𝑉𝑎𝑟(𝑎)

3
× 4 × (𝑠𝑝𝑒𝑒𝑑 − 8.5)2

−𝑉|𝑠𝑝𝑒𝑒𝑑 × 0.7

� 

 

 
 

 

≈ 7.3 × 10−5 + 1.2 × 10−4(𝑠𝑝𝑒𝑒𝑑 − 8.5)2 Equation 5-6 
 

If we use the same values as the basic model for the autocorrelation parameters (𝛼 = 0.9,   
𝛾 = 0.99), then we have a full set of parameters to test.  Note that these parameters have been 
derived using simplifications and assumptions (such as the assumption of a Rayleigh(1) distribution 
for 2 × |𝑠𝑝𝑒𝑒𝑑 − 8.5|) that we know not to be strictly true, therefore it is expected that the 
parameters will require adjusting in order to fit the data. 

Note that the bias observed in individual aircraft error can be replicated by allowing a non-zero 
mean for the distribution of either the individual v or shared w component of the model.  For 
convenience, this work includes the bias in the w component. 
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5.2.3 Simulation 

Manual adjustment of the model parameters was performed by repeated simulation as described in 
Section 4.3.1.  After several attempts it became obvious that some, but not all, of the characteristics 
of the real waypoint transit data could be replicated using the modified model.  Figure 5-2 shows the 
simulation results for one such attempt, targeted at replicating the marginal distributions of errors. 

The key success of this version of the model is that the variance of errors increases strongly with 
increasing transit time, particularly for the shorter 5° transits.  This does not exactly replicate the 
pattern of variance by transit time observed in the real data, but is a substantial improvement over 
the basic model. 

The key failure of this version of the model is that either the marginal distributions of errors and 
error differences can be replicated (as in Figure 5-2), or the relationship between forecast speed and 
error variance can be replicated, but not both simultaneously. 

Figure 5-2: Characteristics of Error Simulated using the Modified Model 

 

5.3 Modification 3 – Additional Rayleigh(1) Factor 

The second modification to the basic model described in Section 5.2 provides a means of partially 
explaining the observed Normal-Laplace distributions for the individual aircraft error and leader-
follower error difference.  However, the model cannot fully replicate the characteristics of the real 
waypoint transit data as seen in Figure 5-2. 
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Under the model, the distribution of errors and error differences for a given forecast ground speed 
will be Normally distributed by the Central Limit Theorem.  However, in Figure 5-3 the distributions 
of error differences are shown to be non-Normal within narrow bands of forecast ground speeds.  In 
fact it can be demonstrated that the error difference for any given speed has a Normal-Laplace 
distribution, and therefore allowing the variance of the autoregressive components in the basic 
model to be a function of speed is insufficient to fully explain the distribution of the data. 

Figure 5-3: The Distribution of Proportion Error Difference for Specific Forecast Ground Speeds 

 

To allow a Laplace-distributed component in the error distribution for a given speed, it follows that 
there must be an additional factor within the variance term which has a Rayleigh(1) distribution but 
is independent of speed.  Attempts to fit such a model manually using the simulation demonstrated 
that an improvement over the model fit seen in Section 5.2.3 could be obtained if the additional 
Rayleigh(1) distributed factor was included only in the V term (individual aircraft speed-keeping 
error variance) such that: 

𝑉|𝑠𝑝𝑒𝑒𝑑 ≈ 𝑈2 × (𝑏 + 𝑔 × (𝑠𝑝𝑒𝑒𝑑 − 𝑑)2);   𝑤ℎ𝑒𝑟𝑒 𝑈~𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ(1)  

  

⇒  �̅�|𝑠𝑝𝑒𝑒𝑑 ~ 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 �0,  
�𝑏 + 𝑔 × (𝑠𝑝𝑒𝑒𝑑 − 𝑑)2 × 𝐹(𝛾,𝑇)

√2
�  

Equation 5-7 

 

and, 

𝑊|𝑠𝑝𝑒𝑒𝑑 ≈ (ℎ + 𝑗 × (𝑠𝑝𝑒𝑒𝑑 − 𝑘)2)  

  

⇒  𝑤� |𝑠𝑝𝑒𝑒𝑑 ~ 𝑁�𝜇,  �ℎ + 𝑗 × (𝑠𝑝𝑒𝑒𝑑 − 𝑘)2 × 𝐹(𝛼,𝑇)� Equation 5-8 
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where b, g, d, h, j and k are constants. 

[Simulation output for this model form after parameter optimisation is given in Section 6.2.4] 

At the time of writing, it is not known what the additional Rayleigh(1) distributed factor might 
represent in reality.  In discussion, it has been suggested that it might have something to do with 
aircraft type and/or altitude, but these ideas have not been explored. 

It should be noted that if the model is being used solely to determine the variance of the errors, with 
a Laplace distribution assumed to allow conservative estimation of the tail probabilities, then this 
modification does not directly affect the derivation of the separation loss distribution.  However, it is 
important for the parameter optimisation described in the following section that the functional form 
of the distribution be approximately correct. 

5.4 Summary 

Three modifications to the model have been proposed; the first is a minor simplification and the 
third is a technical modification that is necessary to fully explain the non-violation of the Central 
Limit Theorem, and to allow the model optimisation to be successful. 

The second modification is to allow the variance of the error components, v and w, to be quadratic 
functions of the forecast ground speed of the aircraft, instead of being a fixed constant for all 
aircraft.  This modification allows a substantially improved replication of the key behaviours 
observed in the waypoint transit data. 

6 Model Optimisation 

To this point, parameters for the model have been obtained using a combination of equations based 
on the variances in the real waypoint transit data [Sections 4.2 and 5.2.2], and manual adjustment 
by trial-and-error.  This section describes a more rigorous and robust approach to parameter 
estimation that should allow confidence in the model output. 

As the model is complex, involving multiple AR(1) components with variable variance terms, a simple 
analytical form for the parameters is not readily available.  Therefore, an iterative search for optimal 
model parameters has been employed.  There are various types of search algorithm that can be used 
in such a case, but for reasons of availability and convenience, the Markov-Chain Monte-Carlo 
(MCMC) application WinBUGS [Reference 3] has been used. 

6.1 WinBUGS 

WinBUGS is an application for performing MCMC methods, typically used in Bayesian analysis.  
MCMC is a method for obtaining a sequence of random samples from a probability distribution for 
which direct sampling is difficult.  For parameter estimation, this approach involves treating the 
model parameters as random variables, and sampling from within the probability distribution of 
each, rejecting samples that do not allow the model to fit the real data reasonably well. 
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The random sampling is performed via the Metropolis-Hastings algorithm [Reference 4], which in 
brief involves: 

• Take initial values for each model parameter and calculate the likelihood of the real data 
given the initial parameters. 

• For one of the parameters, randomly sample a new value from the prior probability 
distribution (pre-specified, typically as a flat, non-informative distribution). 

• Calculate the likelihood of the real data given the new parameter set. 
• If the new likelihood is higher than the likelihood under the initial values then accept the 

new parameter set.  If the new likelihood is lower than the initial likelihood then accept the 
new parameter set with non-zero probability dependent on the ratio of likelihoods; 
otherwise reject the iteration and return to the previous state. 

• Update the parameter probability distribution using Bayes Rule [𝑃(𝜃|𝐷) ∝ 𝑃(𝜃) × 𝑃(𝐷|𝜃)]. 
• Repeat. 

After an initial burn-in period to negate the influence of the initial values, the method will generate a 
sequence of values for each parameter which is a random sample from the parameter’s posterior 
probability distribution.  An estimate for the optimal value of each parameter can then be drawn 
from the empirical posterior probability distributions, for example using the mean or median of the 
sampled values. 

It is worth acknowledging that this is a strictly Bayesian method, interpreting parameters as random 
variables for which a probability distribution exists, rather than as fixed optimal values that must be 
found.  There are similar alternative methods that employ the classical statistical interpretation of 
parameters, such as simulated annealing, but there is not a similarly convenient tool for using these 
methods as the WinBUGS application. 

6.2 Application of WinBUGS to Separation Loss Model 

There is a limitation within WinBUGS such that it is difficult, if not impossible, to assign a Normal-
Laplace distribution to the data.  To get round this issue, a random Rayleigh(1) distributed variable 
was generated and attached to the dataset in WinBUGS to represent the unknown factor described 
in Section 5.3.  Since this could allow the imposition of artefacts due to the artificial Rayleigh(1) 
factor, it was decided to run the model optimisation five times, each with a different randomly 
generated Rayleigh(1) factor. 

Due to the nature of the algorithm used in WinBUGS, attempting to fit complex models with large 
datasets is very costly in terms of computational time.  The full dataset of circa 33000 transits 
proved impossible to fit within a reasonable time frame with the available computational resources, 
and therefore each of the five model runs was performed on a different random sample of 15000 
transits.  With 15000 transits, 20000 iterations could be performed in 6-8 hours, and for four of the 
model runs this was judged to be sufficient for convergence.  For one of the model runs it was 
decided to allow further iterations due to observed spikes in the model parameters. 

Performing the parameter optimisation on different random samples of the data also provides a 
means of internal cross-validation of the model.  If the parameter estimates from each run do not 
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differ markedly from each other then we will have greater confidence that the model is 
appropriately valid, and that its features are not simply due to artefacts within the observed data.   

6.2.1 Model Specification 

The WinBUGS code for the model specification is below, using the parameter labels from Equation 
5-7 and Equation 5-8: 

�̅�|𝑠𝑝𝑒𝑒𝑑 ~ 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 �0,  
�𝑏 + 𝑔 × (𝑠𝑝𝑒𝑒𝑑 − 𝑑)2 × 𝐹(𝛾,𝑇)

√2
�  

 

  

𝑤� |𝑠𝑝𝑒𝑒𝑑 ~ 𝑁�𝜇,  �ℎ + 𝑗 × (𝑠𝑝𝑒𝑒𝑑 − 𝑘)2 × 𝐹(𝛼,𝑇)�  

 

[Please note that the parameter labelled “d” is unrelated to the expected distance travelled in 1 
minute from the definition of the basic model in Section 4.1, which also uses the notation “d”.] 

 

model{ 
 for(i in 1:N){ 
  epdiff[i] ~ dnorm(0, tau_diff[i]) 
  epl[i] ~  dnorm(w[i], tau_vl[i])  
  epf[i] ~ dnorm(w[i], tau_vf[i]) 
  w[i] ~ dnorm(c[i], tau_w[i]) 
  c[i] <- mu  
  tau_diff[i] <- 1/(sigma2_vl[i] + sigma2_vf[i]) 
  tau_w[i] <- 1/sigma2_w[i] 
  tau_vl[i] <- 1/sigma2_vl[i] 
  tau_vf[i] <- 1/sigma2_vf[i] 
  sigma2_w[i] <- (W[i] / ttl[i] ) *( ( 1+alpha ) / (1-alpha) - 2*alpha*(1- pow(alpha, ttl[i] ) )/ (ttl[i] * pow(1-alpha, 2) 
)) 
  sigma2_vl[i] <- (V_l[i] / ttl[i] ) *( ( 1+gamma ) / (1-gamma) - 2*gamma*(1- pow(gamma, ttl[i] ) )/ (ttl[i] * pow(1-
gamma, 2) )) 
  sigma2_vf[i] <- (V_f[i] / ttf[i] ) *( ( 1+gamma ) / (1-gamma) - 2*gamma*(1- pow(gamma, ttf[i] ) )/ (ttf[i] * 
pow(1-gamma, 2) )) 
  V_l[i] <- (b + g* pow(spdl[i] - d, 2))*rayl[i] 
  V_f[i] <- (b + g* pow(spdf[i] - d, 2))*rayf[i] 
  W[i] <- h + j* pow(0.5*spdl[i] + 0.5*spdf[i] - k, 2) 
 } 
 mu ~ dnorm(0, 1) 
 alpha ~ dunif(0, 1) 
 gamma ~ dunif(0, 1) 
 b ~ dchisqr(1) 
 g ~ dchisqr(1) 
 d ~ dnorm(0, 100) 
 h ~ dchisqr(1) 
 j ~ dchisqr(1) 
 k ~ dnorm(0, 100) 
} 
 
The bias term for individual aircraft error is given a Normal prior distribution with mean 0 and 
standard deviation 1.  The autocorrelation terms 𝛼 and 𝛾 are given Uniform prior probability 
distributions on the interval (0, 1).  The parameters d and k used within the (𝑠𝑝𝑒𝑒𝑑 − 𝑑)2 part of the 
variance are given Normal prior distributions with mean 0 and standard deviation 100.  The other 
parameters within the variance, b, g, h and j are given 𝜒2 prior distributions with 1 degree of 
freedom.  These are deliberately chosen as relatively flat and non-informative prior distributions 
that should not unduly influence the posterior probability distributions. 

The initial values for the parameters are: 
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list( mu=0, alpha=0.9, gamma=0.99, b=0.00001, g=0.0003, d=8.5, h=0.00001, j=0.0003, k=8.5) 
 

6.2.2 Model Convergence 

The time-series of each set of parameter values by iteration for the first model run are shown in 
Figure 6-1.  

Figure 6-1: WinBUGS Model Convergence - Run 1 

alpha

iteration
1 10000 20000

    0.8

   0.85

    0.9

   0.95

    1.0

 

b

iteration
1 10000 20000

    0.0

  0.002

  0.004

  0.006

 

d

iteration
1 10000 20000

   8.35

    8.4

   8.45

    8.5

 

g

iteration
1 10000 20000

    0.0

5.00E-4

  0.001

 0.0015
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gamma

iteration
1 10000 20000

    0.0

   0.25

    0.5

   0.75

    1.0

 

h

iteration
1 10000 20000

    0.0

1.00E-4

2.00E-4

3.00E-4

 

j

iteration
1 10000 20000

1.00E-4

2.00E-4

3.00E-4

4.00E-4

5.00E-4

 

k

iteration
1 10000 20000

   8.45

    8.5

   8.55

    8.6

 

mu

iteration
1 10000 20000

  -0.01

-0.0075

 -0.005

-0.0025

8.67362E-19
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It can be seen that several of the parameters sample from the extremes of the parameter space in 
early iterations, but converge to a consistent distribution within approximately 1000 or 2000 
iterations.  This pattern is observed across all model runs, except for the second in which there were 
parameter spikes at around the 15000 iteration mark.  That model run was allowed a further 20000 
iterations, by which point convergence had been established. 

For each model the empirical posterior probability distribution was derived from iteration 4000 
onwards, except model run 2 for which the first 20000 iterations were discarded. 

6.2.3 Empirical Posterior Probability Distributions 

The empirical posterior probability distributions for each model parameter from run 1 are shown in 
Figure 6-2.  Some of these are shown to be skewed, and therefore the median of the distributions 
will be used to draw single parameter estimates, instead of the means. 

Figure 6-2: Kernel Density Estimates - Run 1 
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mu sample: 17000
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Descriptive statistics for each run are given in Table 6-1 to Table 6-5, and the mean and range of the 
medians across runs is given in Table 6-6. 

Table 6-1: Node Statistics - Run 1 

 node  mean  sd 2.5% median 97.5% 
alpha 0.8938 0.0175 0.8585 0.8948 0.9246 
b 4.213E-5 1.677E-6 3.895E-5 4.21E-5 4.558E-5 
d 8.446 0.01171 8.423 8.446 8.469 
g 4.027E-5 1.874E-6 3.674E-5 4.024E-5 4.411E-5 
gamma 0.9808 0.003151 0.9743 0.9808 0.9869 
h 1.672E-4 2.142E-5 1.31E-4 1.657E-4 2.111E-4 
j 2.781E-4 3.55E-5 2.185E-4 2.752E-4 3.507E-4 
k 8.514 0.01648 8.481 8.514 8.546 
mu -0.009265 8.996E-5 -0.009441 -0.009264 -0.009089 
 

Table 6-2: Node Statistics - Run 2 

 node  mean  sd 2.5% median 97.5% 
alpha 0.8737 0.02471 0.8216 0.8766 0.9141 
b 5.31E-5 2.676E-6 4.827E-5 5.295E-5 5.858E-5 
d 8.392 0.01269 8.366 8.392 8.416 
g 4.619E-5 2.501E-6 4.168E-5 4.608E-5 5.139E-5 
gamma 0.9644 0.004471 0.9552 0.9646 0.9725 
h 1.971E-4 3.199E-5 1.457E-4 1.926E-4 2.657E-4 
j 3.164E-4 5.129E-5 2.346E-4 3.09E-4 4.292E-4 
k 8.493 0.01668 8.462 8.493 8.527 
mu -0.009125 9.048E-5 -0.009301 -0.009126 -0.008946 
 

Table 6-3: Node Statistics - Run 3 

 node  mean  sd 2.5% median 97.5% 
alpha 0.8903 0.02059 0.8366 0.8929 0.9213 
b 4.398E-5 1.751E-6 4.07E-5 4.397E-5 4.761E-5 
d 8.439 0.01234 8.415 8.439 8.463 
g 3.962E-5 1.913E-6 3.602E-5 3.958E-5 4.344E-5 
gamma 0.9799 0.003195 0.9733 0.9799 0.9861 
h 1.774E-4 2.626E-5 1.389E-4 1.737E-4 2.466E-4 
j 2.777E-4 4.135E-5 2.171E-4 2.72E-4 3.834E-4 
k 8.484 0.01669 8.451 8.484 8.516 
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mu -0.009138 9.077E-5 -0.00932 -0.009138 -0.00896 
 

Table 6-4: Node Statistics - Run 4 

 node  mean  sd 2.5% median 97.5% 
alpha 0.8749 0.02569 0.8177 0.8786 0.9162 
b 4.797E-5 1.954E-6 4.432E-5 4.791E-5 5.2E-5 
d 8.425 0.01269 8.4 8.425 8.449 
g 4.243E-5 2.099E-6 3.848E-5 4.236E-5 4.669E-5 
gamma 0.9747 0.003419 0.9677 0.9747 0.9812 
h 1.818E-4 3.098E-5 1.34E-4 1.767E-4 2.524E-4 
j 3.206E-4 5.444E-5 2.361E-4 3.126E-4 4.438E-4 
k 8.525 0.01608 8.493 8.524 8.556 
mu -0.009198 8.956E-5 -0.009372 -0.009199 -0.009022 
 

Table 6-5: Node Statistics - Run 5 

 node  mean  sd 2.5% median 97.5% 
alpha 0.905 0.01866 0.8622 0.9075 0.9345 
b 4.886E-5 2.139E-6 4.491E-5 4.881E-5 5.319E-5 
d 8.444 0.01171 8.422 8.444 8.467 
g 4.885E-5 2.428E-6 4.43E-5 4.878E-5 5.381E-5 
gamma 0.971 0.003726 0.9635 0.9711 0.9779 
h 1.555E-4 2.261E-5 1.209E-4 1.524E-4 2.087E-4 
j 2.691E-4 3.903E-5 2.09E-4 2.634E-4 3.588E-4 
k 8.504 0.01604 8.473 8.504 8.536 
mu -0.009213 9.023E-5 -0.00939 -0.009212 -0.009037 
 

Table 6-6: Optimised Parameter Estimates (Mean of Medians from all Model Runs) 

node  mean  min max 
alpha 0.8901 0.8766 0.9075 
b 4.715E-5 4.210E-5 5.295E-5 
d 8.429 8.392 8.446 
g 4.341E-5 3.958E-5 4.878E-5 
gamma 0.9742 0.9646 0.9808 
h 1.722E-4 1.524E-4 1.926E-4 
j 2.864E-4 2.634E-4 3.126E-4 
k 8.504 8.484 8.524 
mu -0.009188 -0.009264 -0.009126 
 

The mean of the five run medians in Table 6-6 will be taken as the optimised parameter estimates 
for the final model.  These are all fairly close to the sensible values chosen using trial and error, and 
the ranges of medians is not wide for any of the parameters, giving some confidence in the model 
validity. 
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6.2.4 Simulation Results 

The simulation described in Sections 4.3.1 and 5.2.3 was repeated using the optimised model 
parameters.  The results are shown in Figure 6-3 and Figure 6-4.   

Figure 6-3: Proportion Leader Error (top) and Proportion Error Difference (bottom) 

 

Figure 6-4: Characteristics of Error Simulated using the Modified Model and Optimised Parameters 
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While the behaviour observed in the real waypoint transit data is not precisely replicated, this is the 
closest of all the models tested.  This version of the model is therefore proposed for use in 
estimating 𝑄(𝑠), the separation loss distribution. 

7 Final Model 

This section describes the final version of the model derived in the previous sections.   

The proportion error (et) in the distance travelled in minute t is defined by: 

𝑑𝑡 = 𝑑(1 + 𝑒𝑡)  

 

where   dt = the distance actually travelled in minute t 
  d  = the distance travelled in 1 min at the cleared speed 

The error et has two components: 

𝑒𝑡 = 𝑣𝑡 +𝑤𝑡  

 

where   vt is the error due to inaccuracy in the aircraft speed, with variance V 
   wt is the error due to weather effects, with variance W 

The weather effect is represented by a stationary, first order autoregressive process AR(1), with 
mean zero and variance W.  The effect at a fixed location is entirely shared between leader and 
follower aircraft.  Changes to its level can be written:  

𝑤𝑡 = −0.009188 × (1 − 0.890) + 0.890 × 𝑤𝑡−1 + 𝜀𝑡;     
𝑉𝑎𝑟(𝜀𝑡) = 𝑊(1 − 0.8902) 

 

  

where,         𝑊 = 1.722 × 10−4 + 2.864 × 10−4 × (𝑠𝑝𝑒𝑒𝑑 − 8.504)2 Equation 7-1 
 

Speed inaccuracies for individual aircraft are represented by another AR(1) process:   

𝑣𝑡 = 0.974 × 𝑣𝑡−1 + 𝜉𝑡;     
𝑉𝑎𝑟(𝜉𝑡) = 𝑉(1 − 0.9742) 

 

  

where,         𝑉 = 𝑈 × (4.715 × 10−5 + 4.341 × 10−5 × (𝑠𝑝𝑒𝑒𝑑 − 8.429)2); 
𝑈~𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ(1) 

Equation 7-2 

 

The arrival time error 𝑎 is the negative of the mean distance error for the period in question: 

𝑎 =
(𝑡𝑎 − 𝑡𝑒)

𝑡𝑎
=

𝐷
�̅�
− 𝐷
𝑑

𝐷
�̅�

= 1 −
�̅�
𝑑

= −�̅� 
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where ta/e=actual/estimated transit time; D = distance travelled. 

Thus, the difference in proportion errors between a leading and following aircraft is: 

𝑝 = 𝑎𝐿 − 𝑎𝐹 = 𝑒𝐹��� − 𝑒𝐿�   

 

The variance of the arrival time error is: 

𝑉𝑎𝑟(𝑎) = 𝑉𝑎𝑟(�̅�) = 𝑉𝑎𝑟(�̅�) + 𝑉𝑎𝑟(𝑤�) = 𝑉𝐹(𝛾,𝑇) + 𝑊𝐹(𝛼,𝑇)  

 

where, 

𝐹(𝛼,𝑇) =
1
𝑇 �

1 + 𝛼
1 − 𝛼

−
2𝛼(1 − 𝛼𝑇)
(1 − 𝛼)2𝑇 �

 
 

 

The variance of the difference in proportion errors (for travel over the same airspace) is: 

𝑉𝑎𝑟(𝑝) = 𝑉𝑎𝑟(𝑣𝐹��� − 𝑣𝐿���)  

  

= 2𝑉𝐹(𝛾,𝑇)  

8 Separation Loss under Periodic Reporting 

This section describes how the incremental model described in the previous section can be used to 
derive the required separation loss distribution, 𝑄(𝑠), under periodic reporting.  Equations for 
separation gain/loss under periodic reporting (asynchronous and synchronous) are derived assuming 
the evolution of errors in accordance with the incremental error model.  These are used to derive 
the separation loss distribution, 𝑄(𝑠), for given reporting phase difference, and a comparison is 
made between total reporting period risk under asynchronous and synchronous reporting to 
determine whether the simplifying assumption that all aircraft report synchronously is appropriate. 

8.1 Assumptions 

8.1.1 Equal Leader and Follower Speed 

When considering the applicability of the incremental model to real waypoint transit data it was 
necessary to allow the possibility of the leader and follower aircraft having different cleared 
airspeeds.  However, when using the incremental model for the estimation of collision risk it is a 
helpful simplification to assume that leader and follower aircraft have the same speed clearance. 

The case of the follower being slower than the leader is obviously less risky than equal speed 
clearances, so in this case it is conservative to assume equal speeds.  Under the sliding Mach number 
technique (where a separation below the current 10 minute standard is allowed between aircraft as 
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long as they re-establish standard separation by exit), the case of the follower being faster than the 
leader is only possible when the two aircraft are on diverging routes, or have a large initial 
separation.  Hence, these cases are not applicable to the modelling described in this report, and the 
assumption of equal speed clearances is appropriate. 

8.1.2 Zero-Centred Forecasting Error 

At present it is believed to be most likely that the bias in individual aircraft forecast time error 
observed in section 3.2 is due to the treatment of the data rather than a true persistent bias in 
operational forecasts.  Therefore, for the purpose of derivation of the separation loss distribution 
𝑄(𝑠), it will be assumed that the bias does not exist and the distributions of all error components 
are zero-centred.  

8.2 Separation Error 

Under waypoint reporting, the separation loss distribution is straightforward to estimate using the 
model derived in previous sections; the w shared weather error component can be ignored since the 
error for both leader and follower is being assessed over the same fixed section of airspace, hence 
the error is simply the difference between leader error and follower error over the transit.   

Under periodic reporting the situation is more complicated since part of the leader and follower 
transit time will be over the same section of airspace, but part will be unique.  Consider the transit 
described in Figure 8-1 where there is a phase difference between leader and follower reports of ∆.  
To assess the risk over the reporting period T we must consider separately the segments of the 
transit 0 → ∆ and ∆→ 𝑇.   

Figure 8-1 
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8.2.1 𝟎 → ∆ 

Suppose we are at time t=0, and have received a reported position of 𝑅𝐹(0) from the follower at 
time 0.  The current estimated separation and forecast separation at time ∆ is �̂�, and we wish to 
know the actual separation at time ∆, 𝑠∆ (Figure 8-2).  

Figure 8-2 

 
 

First, we need to know the location 𝑅𝐹(∆) (= 𝑅𝐿(∆ − 𝑠∆)).  At time 0, the follower reported position 
𝑅𝐹(0), but this report would have been made with some navigation error 𝛿𝐹(0), so the actual 
follower position at time 0 was 𝑅𝐹(0) + 𝛿𝐹(0).  Suppose the expected speed of leader and follower 
is d, then the actual speed will be determined by the incremental model such that: 

𝑅𝐹(∆) = 𝑅𝐹(0) + 𝛿𝐹(0) + ∆𝑑(1 + �̅�𝐹���(𝑥1 + 𝑥2) + 𝑤�(𝑥1 + 𝑥2)) Equation 8-1 

 

Note that for notational convenience we are using the form 𝑤�(𝑥𝑖) to ensure that we can identify the 
sections of transit where the leader and follower w component cancel out, although the error 
components are actually defined by duration of travel.  Observe that the expected time for either 
aircraft to travel transit section 𝑥1 is �̂� (i.e. 𝑥1

𝑑
= �̂�), and the expected time to travel section 𝑥2 is 

(∆ − �̂�). 

At time 0, the leader is at position 𝑅𝐿(0), unobserved.  The actual time for the leader at 𝑅𝐹(∆) is: 

𝑅𝐹(∆) − 𝑅𝐿(0)
𝑑(1 + �̅�𝐿(𝑥2) + 𝑤�(𝑥2))

 
 

Equation 8-1 =>  

  

=
𝑅𝐹(0) + 𝛿𝐹(0) + ∆𝑑(1 + �̅�𝐹���(𝑥1 + 𝑥2) + 𝑤�(𝑥1 + 𝑥2)) − 𝑅𝐿(0)

𝑑(1 + �̅�𝐿(𝑥2) + 𝑤�(𝑥2))
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=
−𝑥1 + 𝛿𝐹(0) + ∆𝑑(1 + �̅�𝐹���(𝑥1 + 𝑥2) +𝑤�(𝑥1 + 𝑥2))

𝑑(1 + �̅�𝐿(𝑥2) + 𝑤�(𝑥2))
 

Equation 8-2 

 

Now, we assume that the error components �̅� and 𝑤� , which are specified as proportions, are small 
such that �̅� ≪ 1 and 𝑤� ≪ 1.  Similarly, the navigation error components 𝛿 are assumed to be small 
such that the time error due to navigation error, 𝛿/𝑑, is assumed to be ≪ 1.  Under these 
assumptions, the following simplifying identity becomes available: 

𝑎(1 + 𝑒1)
𝑏(1 + 𝑒2)

=
𝑎(1 + 𝑒1)(1− 𝑒2)
𝑏(1 + 𝑒2)(1− 𝑒2)

≈
𝑎(1 + 𝑒1 − 𝑒2)

𝑏
 

 

 

Applying this identity to Equation 8-2 gives the leader time at 𝑅𝐹(∆) as: 

≈ −
𝑥1
𝑑 �1 − �̅�𝐿(𝑥2)−𝑤�(𝑥2)�+

𝛿𝐹(0)
𝑑

 

 
+∆(1 + �̅�𝐹(𝑥1 + 𝑥2) + 𝑤�(𝑥1 + 𝑥2) − �̅�𝐿(𝑥2)−𝑤�(𝑥2)) 

 

  

  

≈ −�̂��1− �̅�𝐿(𝑥2) −𝑤�(𝑥2)� +
𝛿𝐹(0)
𝑑

 

 
+∆(1 + �̅�𝐹(𝑥1 + 𝑥2) + 𝑤�(𝑥1 + 𝑥2) − �̅�𝐿(𝑥2)−𝑤�(𝑥2)) 

 

  

  

≈ (∆ − �̂�)− (∆ − �̂�)�̅�𝐿(𝑥2) + ∆�̅�𝐹(𝑥1 + 𝑥2) − (∆ − �̂�)𝑤�(𝑥2) + ∆𝑤�(𝑥1 + 𝑥2) 
 

+
𝛿𝐹(0)
𝑑

 

Equation 8-3 

 

The error component 𝑤�(𝑥1 + 𝑥2) is the average of incremental single-minute errors across the 
distance 𝑥1 + 𝑥2, therefore this term can be devolved into: 

𝑤�(𝑥1 + 𝑥2) ≈
�̂�
∆
𝑤�(𝑥1) +

(∆ − �̂�)
∆

𝑤�(𝑥2) 
 

 

Applying this observation, Equation 8-3 can be simplified further such that the leader time at 𝑅𝐹(∆) 
is: 

≈ (∆ − �̂�)− (∆ − �̂�)�̅�𝐿(𝑥2) + ∆�̅�𝐹(𝑥1 + 𝑥2) + �̂�𝑤�(𝑥1) +
𝛿𝐹(0)
𝑑

 
 

 

Given forecast separation �̂�, the expected time for the leader at location 𝑅𝐹(∆) is (∆ − �̂�).  Thus, the 
separation error at time ∆ is: 
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𝑠∆ − �̂� ≈ −(∆ − �̂�)�̅�𝐿(𝑥2) + ∆�̅�𝐹(𝑥1 + 𝑥2) + �̂�𝑤�(𝑥1) +
𝛿𝐹(0)
𝑑

 
 

 

Since the error components are actually specified in terms of time travelled, and the form 𝑤�(𝑥1) 
was used for convenience only, we can replace 𝑥1 and 𝑥2 with the approximate time travelled (note 
that since the errors are small, the difference between the average error over expected and actual 
time travelled will be negligible). 

𝑠∆ − �̂� ≈ −(∆ − �̂�)�̅�𝐿(∆ − �̂�) + ∆�̅�𝐹(∆) + �̂�𝑤�(�̂�) +
𝛿𝐹(0)
𝑑

 
Equation 8-4 

 

Equation 8-4 gives the formula for separation error in the 0 → ∆ segment of travel.  This is displayed 
graphically in Figure 8-3 where the red lines indicate where individual aircraft error must be 
accounted for and the green line indicates where shared weather error must be accounted for. 

It should be noted that the working to derive the separation error differs slightly when ∆< �̂� or 
∆> 𝑇 − �̂�, however these also work out to Equation 8-4. 

Figure 8-3 

 
 

8.2.2 ∆→ 𝑻 

At time ∆ a new estimate of separation is made.  Obviously, this separation estimate is not 
independent of the separation error from section 0 → ∆.  However, if this estimate indicates that 
separation has been lost below the minimum, then the controller will intervene.  Therefore the 
relationship between error in 0 → ∆ and separation in ∆→ 𝑇 is complex.  For the sake of tractability, 
we must treat the transit section ∆→ 𝑇 (Figure 8-4) independently from the section 0 → ∆.   
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Figure 8-4 

 
 

At time ∆, the unobserved follower position is 𝑅𝐹(∆).  The actual follower location at time T is: 

𝑅𝐹(𝑇) = 𝑅𝐹(∆) + (𝑇 − ∆)𝑑(1 + �̅�𝐹���(𝑥3 + 𝑥4) + 𝑤�(𝑥3 + 𝑥4)) Equation 8-5 

 

At time ∆, the leader position is reported with navigation error as 𝑅𝐿(∆), so the actual leader 
position is 𝑅𝐿(∆) + 𝛿𝐿(∆).  The leader will therefore reach position 𝑅𝐹(∆) at time: 

∆ +
𝑅𝐹(𝑇)− 𝑅𝐿(∆)− 𝛿𝐿(∆)
𝑑(1 + �̅�𝐿(𝑥4) + 𝑤�(𝑥4))

 
 

  

  

= ∆ +
𝑅𝐹(∆) + (𝑇 − ∆)𝑑�1 + �̅�𝐹(𝑥3 + 𝑥4) + 𝑤�(𝑥3 + 𝑥4)� − 𝑅𝐿(∆)− 𝛿𝐿(∆)

𝑑(1 + �̅�𝐿(𝑥4) + 𝑤�(𝑥4))
 

 

  

  

= ∆ +
−𝑥3 + (𝑇 − ∆)𝑑�1 + �̅�𝐹(𝑥3 + 𝑥4) + 𝑤�(𝑥3 + 𝑥4)� − 𝛿𝐿(∆)

𝑑(1 + �̅�𝐿(𝑥4) + 𝑤�(𝑥4))
 

 

  

  

≈ ∆ −
𝑥3
𝑑 �1 − �̅�𝐿(𝑥4)−𝑤�(𝑥4)� 

+(𝑇 − ∆)�1 + �̅�𝐹(𝑥3 + 𝑥4) + 𝑤�(𝑥3 + 𝑥4)− �̅�𝐿(𝑥4)−𝑤�(𝑥4)� −
𝛿𝐿(∆)
𝑑

 

 

  

  

≈ ∆ − �̂��1− �̅�𝐿(𝑥4) −𝑤�(𝑥4)� 

+(𝑇 − ∆)�1 + �̅�𝐹(𝑥3 + 𝑥4) + 𝑤�(𝑥3 + 𝑥4)− �̅�𝐿(𝑥4)−𝑤�(𝑥4)� −
𝛿𝐿(∆)
𝑑
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≈ (𝑇 − �̂�) − (𝑇 − ∆ − �̂�)�̅�𝐿(𝑥4) + (𝑇 − ∆)�̅�𝐹(𝑥3 + 𝑥4)− (𝑇 − ∆ − �̂�)𝑤�(𝑥4) 

+(𝑇 − ∆)𝑤�(𝑥3 + 𝑥4) −
𝛿𝐿(∆)
𝑑

 

 

  

  

≈ (𝑇 − �̂�)− (𝑇 − ∆ − �̂�)�̅�𝐿(𝑥4) + (𝑇 − ∆)�̅�𝐹(𝑥3 + 𝑥4) + �̂�𝑤�(𝑥3)−
𝛿𝐿(∆)
𝑑

 
 

 

Given forecast separation �̂�, the expected time for the leader at location 𝑅𝐹(𝑇) is (𝑇 − �̂�).  Thus, the 
separation error at time 𝑇 is: 

𝑠𝑇 − �̂� ≈ −(𝑇 − ∆ − �̂�)�̅�𝐿(𝑥4) + (𝑇 − ∆)�̅�𝐹(𝑥3 + 𝑥4) + �̂�𝑤�(𝑥3)−
𝛿𝐿(∆)
𝑑

 
 

  

  

𝑠𝑇 − �̂� ≈ −(𝑇 − ∆ − �̂�)�̅�𝐿(𝑇 − ∆ − �̂�) + (𝑇 − ∆)�̅�𝐹(𝑇 − ∆) + �̂�𝑤�(�̂�)−
𝛿𝐿(∆)
𝑑

 
Equation 8-6 

 

The individual error components (red) and shared error component (green) that must be accounted 
for in the separation error are displayed in Figure 8-5. 

Figure 8-5 

 
 

8.2.3 𝟎 → 𝑻 

The equations derived above (Equation 8-4 and Equation 8-6) together describe the loss of intended 
separation over reporting period T for given intended separation �̂�, and phase difference ∆.  
However, in practice we are not specifically interested in the phase difference, assuming that it will 
be completely random for given pairs of aircraft.  To apply these derived separation loss equations 
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within the Reich Collision Risk Model would be difficult, requiring the estimation of risk over variable 
duration periods ∆ and (𝑇 − ∆), and integrating out the phase difference.   

As a simplification, it is helpful to have a single equation for separation loss over the whole period T, 
and this is typically taken as the loss of separation assuming synchronous reporting (i.e. ∆= 0 𝑜𝑟 𝑇).  
Intuitively, the risk under synchronous reporting should be higher than under asynchronous 
reporting with any phase difference since there are half as many reporting points at which a 
controller intervention can occur, and the longest time between reports.  However, under 
asynchronous reporting there is less information given at each reporting point so the separation 
estimates are likely to be less accurate and the conservatism of using synchronous reporting risk 
cannot automatically be assumed. 

Previously, the risk under synchronous versus asynchronous reporting was assessed by simulation 
assuming errors propagating under the basic model (Reference 1).  Using this simulation there was 
no evidence that asynchronous risk was higher than synchronous risk for any value of ∆.  However, 
this can now be reassessed given the separation errors derived in sections 8.2.1 and 8.2.2.  

The derivation of separation error under synchronous reporting proceeds in the same way as 
described in section 8.2.1 and 8.2.2 (Figure 8-6), although neither version is directly applicable.  Note 
that the scenario is identical to that from the 0 → ∆ transit section with ∆= 𝑇, with the exception 
that the leader position 𝑅𝐿(0) in Equation 8-2 must be substituted with the reported position plus 
navigation error, 𝑅𝐿(0) + 𝛿𝐿(0).  [Similarly, it is identical to the ∆→ 𝑇 transit section with ∆= 0 and 
the use of 𝑅𝐹(0) + 𝛿𝐹(0) in Equation 8-5.] 

Figure 8-6 

 
 

Applying these modifications (or direct derivation) it can be shown that the loss of intended 
separation under synchronous reporting is: 
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𝑠𝑇 − �̂� ≈ −(𝑇 − �̂�)�̅�𝐿(𝑇 − �̂�) + (𝑇)�̅�𝐹(𝑇) + �̂�𝑤�(�̂�)−
𝛿𝐹(0) − 𝛿𝐿(0)

𝑑
 

Equation 8-7 

 

8.3 Navigation Error 

The navigation error represents the difference in the position of where an aircraft’s equipment 
estimates it is compared to where it actually is.  For the purpose of calculating the probability of 
longitudinal overlap, the chief concern is inaccuracy in the longitudinal position.  All aircraft to which 
a reduced longitudinal separation will be applied will be equipped with GPS.  For final approach 
operations, a worst case navigation performance of 0.3 Nm is assumed, such that the difference 
between the reported and actual position is less than 0.3 Nm 95% of the time.  To be conservative, a 
value of 0.5 Nm is assumed for Oceanic operations. 

If a Normal distribution for navigation error is assumed, then using the result that 95% of 
observations lie within ± 1.96 standard deviations of the mean, the variance of navigation error is: 

𝑉𝑎𝑟(𝛿) = �
0.5

1.96
�
2

= 0.065 
Equation 8-8 

 

8.4 Probability of Separation Loss 

The three equations for separation gain/loss across different periods (Equation 8-4, Equation 8-6 and 
Equation 8-7) are all specified in terms of the individual aircraft error (�̅�𝐿 , �̅�𝐹), shared weather error 
(𝑤�) and the navigation errors of the aircraft position reports (𝛿).  The variances for the individual 
aircraft error and shared weather error components are described in full by Equation 7-1 and 
Equation 7-2 in section 7, and the variance for navigation error is given in Equation 8-8.  However, 
these distributions of these components have different functional forms, with the weather and 
navigation errors assumed to take a Normal distribution and the individual aircraft errors assumed 
to take a Laplace distribution. 

For the sake of tractability it is convenient to assume that the separation error distribution has a 
single, simple form.  The Laplace distribution has higher kurtosis than the Normal distribution, and 
we therefore expect the tails of the separation loss distribution to be dominated by the Laplace 
component.  This means that we can conservatively assume that the entire separation loss 
distribution is Laplace with variance given by the total variance of all the components. 

The variance functions for separation gain/loss will therefore be: 

𝑉𝑎𝑟(𝑠∆ − �̂�)0→∆ ≈ (∆ − �̂�)2𝑉𝐹(𝛾,∆ − �̂�) + ∆2𝑉𝐹(𝛾,∆) + �̂�2𝑊𝐹(𝛼, �̂�) +
0.65
𝑑2

; 
 

 

𝑉𝑎𝑟(𝑠𝑇 − �̂�)∆→𝑇 ≈ (𝑇 − ∆ − �̂�)2𝑉𝐹(𝛾,𝑇 − ∆ − �̂�) 

+(𝑇 − ∆)2𝑉𝐹(𝛾,𝑇 − ∆) + �̂�2𝑊𝐹(𝛼, �̂�) +
0.65
𝑑2

; 

 

 

𝑉𝑎𝑟(𝑠𝑇 − �̂�)0→𝑇 ≈ (𝑇 − �̂�)2𝑉𝐹(𝛾,𝑇 − �̂�) + 𝑇2𝑉𝐹(𝛾,𝑇)  
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+�̂�2𝑊𝐹(𝛼, �̂�) +
2 × 0.65

𝑑2
 

 

where, 

𝑊 = 1.722 × 10−4 + 2.864 × 10−4 × (𝑑 − 8.504)2, 
𝑉 = 4.715 × 10−5 + 4.341 × 10−5 × (𝑑 − 8.429)2, 

𝛼 = 0.890, 
𝛾 = 0.974 

 

 

The Laplace distribution with variance given above therefore describes the probability of a change 
from intended separation equal to a given number of minutes by the end of the at-risk period.  In 
order to find 𝑄(𝑠), the probability of losing greater than or equal to s minutes of separation by the 
end of the at risk period, we must take the cumulative distribution function, which for the Laplace 
distribution is: 

𝑃(𝑦 ≥ 𝑠) =
1
2

exp �−
𝑠
𝑏
� ,𝑤ℎ𝑒𝑟𝑒 𝑏 = �1

2
𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 

Equation 8-9 

 

8.5 Synchronous Versus Asynchronous Risk 

To compare the probability of longitudinal overlap between the synchronous reporting case and 
asynchronous reporting case it is necessary to find a way to combine the probabilities over periods 
0 → ∆ and ∆→ 𝑇.  In order to derive the separation loss distributions under asynchronous reporting 
it was assumed that the estimated separation and separation loss in the second part of the total 
period was independent of the estimated separation and separation loss in the first part of the 
period.  If we maintain this assumption, the probability of longitudinal overlap over the whole period 
will be: 

𝑃(𝑦 ≥ 𝑠)0→𝑇 = 1 − (1 − 𝑃(𝑦 ≥ 𝑠)0→∆)(1− 𝑃(𝑦 ≥ 𝑠)∆→𝑇) 
 

≈ 𝑃(𝑦 ≥ 𝑠)0→∆ + 𝑃(𝑦 ≥ 𝑠)∆→𝑇 

 

 

This result and the equations in Section 8.4 were applied to find the probability of losing ≥ 5 minutes 
of separation in a 20 minute reporting period for various forecast speeds and values of ∆.  Figure 8-7 
shows the total variance for each partial period (with the variance for synchronous reporting as the 
dashed line), the overlap probability within each partial period, and the combined probability across 
the total period. 
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Figure 8-7: Probability of losing all separation under synchronous and asynchronous reporting 

 

In line with the intuitive expectation and previous simulation studies, these results show that the 
asynchronous reporting case is uniformly less risky than the synchronous reporting case, with the 
most risk where the phase difference is either close to 0 or T.  This demonstrates that it is sufficient 
to consider only synchronous reporting within the collision risk model. 
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9 𝑸(𝒔) 

This section describes the final proposed form for 𝑄(𝑠), applicable for longitudinal collision risk 
modelling under periodic reporting in the NAT. 

The probability of a pair of aircraft with forecast speed d losing s or greater minutes of separation 
during a reporting period of length T is: 

𝑄(𝑠) =
1
2

exp �−
𝑠
𝑏
�  

where, 

𝑏 = �1
2
𝑉𝑎𝑟(𝑠𝑇 − 𝑠), 

𝑉𝑎𝑟(𝑠𝑇 − 𝑠) = (𝑇 − 𝑠)2𝑉𝐹(𝛾,𝑇 − 𝑠) + 𝑇2𝑉𝐹(𝛾,𝑇) + 𝑠2𝑊𝐹(𝛼, 𝑠) +
2 × 0.65

𝑑2
, 

 

𝐹(𝛼,𝑇) =
1
𝑇 �

1 + 𝛼
1 − 𝛼

−
2𝛼(1 − 𝛼𝑇)
(1 − 𝛼)2𝑇 �, 

 
𝑊 = 1.722 × 10−4 + 2.864 × 10−4 × (𝑑 − 8.504)2, 

 
𝑉 = 4.715 × 10−5 + 4.341 × 10−5 × (𝑑 − 8.429)2, 

 
𝛼 = 0.890, 

 
𝛾 = 0.974 

 

Equation 9-1 

 

10 Recommendations 

The meeting is invited to note the methodology described in this paper, and its implementation in 
facilitating the estimation of longitudinal collision risk to support the introduction of the Reduced 
Longitudinal Separation Minimum (RLongSM) trial in the North Atlantic (NAT).  The meeting is 
invited to consider whether the methods described herein would be applicable to global procedural 
airspace; and if not, what further considerations must be made for the methods to be globally 
applicable.  In particular, the meeting is invited to consider endorsement of the following modelling 
concepts: 

1. The use of an incremental model for the evolution of forecasting error over time, for which 
parameters can be derived from waypoint reporting data; 

2. The use of a quadratic function of estimated aircraft speed to describe the variance of 
forecasting error components; 

3. The use of an iterative model optimisation procedure such as Markov-Chain Monte-Carlo 
(MCMC) to estimate the incremental model parameters; 



SASP-WG/WHL/20-WP24 
 

46 
 

4. The use of a Laplace (Double-Exponential) distribution to model the tails of the separation 
gain/loss distribution; 

5. The assumption that all pairs of aircraft report synchronously. 
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